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ABSTRACT The use of equalization filters to achieve acoustic transparency can improve the sound quality
of hearables and hearing aids. Finite impulse response (FIR) filters guarantee stability and offer a listening
impression close to the open ear, but their implementation may conflict with the resource constraints typical
of hearing devices. Infinite impulse response (IIR) filters are commonly used to meet these constraints, but
their design often lacks stability and performance guarantees. Therefore, we consider indirect IIR filter design
methods that extend FIR filter designs with an IIR approximation step. To mitigate the performance degra-
dation caused by the IIR approximation, we establish a formal connection between optimization variable
and IIR approximation error, and propose an approximation-aware design algorithm based on the nuclear
norm heuristic. The evaluation considers the design of hear-through filters using real-world measurement
data. The proposed approach can reduce the time-domain mean-squared error by up to 6 dB compared to
conventional methods, and shows a high robustness against between-person variance. Thus, the results offer
an improvement in hearing device personalization within practical constraints.

INDEX TERMS Acoustic transparency, headphones, hearables, infinite impulse response filter, personaliza-

tion.

I. INTRODUCTION

Hearing devices such as hearables have gained tremendous
popularity in recent years. The convergence of hearables
and hearing aids led to over-the-counter (OTC) hearing aids,
which facilitate to consume media content, engage in far-
end communication, and provide auditory aid [1], [2], [3].
However, wearing such devices alters the auditory impression
compared to the open ear. Wearers will recognize this as a
muffled perception of ambient sounds with restricted spatial
hearing capabilities [4], [5], [6].

These effects can be mitigated using digital signal pro-
cessing algorithms. More specifically, a natural perception of
ambient sounds while wearing hearables can be achieved to a
great extent by using a hear-through filter [7], [8], [9], [10],
[11], [12]. These filters utilize an outward-facing microphone
with loudspeaker playback to augment sounds that reach the
listener’s eardrum. OTC hearing aid users may fine-tune the
equalization to their preferences, e.g., based on an estimated

hearing loss [13]. To emphasize the conceptual similarity to
classical equalizers, this is referred to as “equalization”.

The equalization is sensitive towards variations in the
electro-acoustic transfer paths. These paths are wearer- and
situation-dependent and thus unknown a priori, but can be
estimated, e.g., by a user-initiated calibration algorithm [14],
[15], [16]. Similar to the akin head-related transfer function
(HRTF) personalization problem [17], [18], [19], this bears
the potential to improve the listening impression.

To implement acoustic equalization, adaptive [20], [21],
[22] or fixed filters [10], [11] can be used, and the focus of
this work is on the latter. Due to their guaranteed performance
and stability, FIR filters that minimize a time- or frequency-
domain minimum mean square error (MMSE) criterion are
widely adopted. In addition, generalizations of the MMSE ap-
proach that aim for improved spatial hearing capabilities [23],
[24], [25], or robustness against variations in the acoustic
transfer paths [26] were investigated.
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Although digital signal processors (DSPs) are becoming
increasingly capable, the algorithmic complexity remains cru-
cial in practice because most hearables are battery-powered.
The implied resource constraints add an interesting yet chal-
lenging issue to the matter that is studied in more detail in this
work. A low-complexity approach close at hand is to use FIR
filters with few taps. This has shown promising results in
some applications, e.g., open-fitting hearing aids [10]. How-
ever, FIR filters do not constitute a general low-order solution
because the transfer paths might imply the need to use long
impulse responses that are not computationally feasible.

Compared to FIR filters, IIR filters can implement long
impulse responses at a fraction of the complexity [27]. How-
ever, the design often relies on non-convex optimization and
requires constraints to guarantee stability of the filter [28],
[29], [30]. These methods are well-suited for “offline” designs
which determine the filter coefficients beforehand, but their
lack of guarantees contradicts the requirements of a personal-
ization at runtime.

Indirect methods to IIR filter design serve as another
approach that consists of two stages: first, a high-order pro-
totype FIR filter is designed using one of the previously
mentioned approaches, followed by an IIR approximation
step [31], [32], [33]. However, although stability can be guar-
anteed, the IIR approximation error made in the second step
can severely degrade the equalization performance, which can
lead to unreliable results.

To overcome these obstacles, we proposed an indirect
acoustic equalization filter design method that yields low-
order IIR filters with guaranteed stability in our previous
work [34], [35]. The method is based on the well-researched
nuclear norm heuristic, which has found application, e.g., in
model reduction, system identification, or image restoration
problems [36], [37], [38], [39], [40]. Applied to acous-
tic equalization filters, Hankel nuclear norm regularization
(HNNR) penalizes the IIR approximation error using convex
optimization methods, which ultimately improves the perfor-
mance.

This paper extends our previous work [34] by considering
two aspects that are critical for practical applications. First, it
has been shown for other applications that the nuclear norm
introduces a bias that may reduce the performance [41], [42],
[43], [44]. We show empirically that this also applies in the
considered application, and employ an iterative bias compen-
sation method [41] to improve the performance. Such methods
were proposed for image processing applications, and are not
directly applicable to digital filter design problems. To enable
their application, the present work establishes a novel connec-
tion between filter coefficient vector and IIR approximation
error. Second, we conduct extensive application-oriented sim-
ulations that highlight the effect of the algorithm parameters.
They provide insights into the mechanism of the algorithms
and recommendations for practical applications.

The paper is structured as follows: Section II introduces
the notation and problem statement while Section III revisits
conventional indirect IIR filter design methods. In Section IV,
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FIGURE 1. System components of in-ear headphones and corresponding
model variables.

the proposed filter optimization based on HNNR and a bias-
compensated extension are described. Application examples
are presented in Section V, and Section VI concludes the

paper.

Il. ACOUSTIC EQUALIZATION IN HEADPHONES

Fig. 1 shows the schematic layout of the considered hearing
device. It features outward- and inward-facing microphones, a
loudspeaker, and a DSP that the equalization algorithm is im-
plemented on. Its goal is to augment listener-perceived sounds
to improve the listening impression. Since DSPs are often
resource-constrained, the filter optimization is outsourced to
a separate, more capable calibrating device [45]. This could
be a phone or laptop that communicates with the DSP, which
allows to consider the interaction of wearer and device in the
optimization.

This work utilizes a digital linear time-invariant (LTI)
model with sampling time 7, and corresponding sampling
rate fs = 1/ts. The discrete-time index is denoted k& with
t = kts, and ¢ denoting the time in seconds. For simplicity,
the model excludes electrical noise and quantization noise,
as well as non-linear distortions. Lowercase letters indicate
time-domain signals, whereas uppercase letters denote their
frequency-domain representation (e.g., X (z) is the z-transform
of x(k)). In contrast, lowercase and uppercase letters in bold
type denote column vectors and matrices, respectively.

When the sound playback is switched off, i.e., for u(k) = 0,
the ear canal signal is given by y(k) = x(k) * p(k). Here, p(k)
refers to the impulse response of the primary path P(z), which
is defined as the relative transfer function from the outward-
facing microphone to an inward-facing microphone, thereby
reflecting the passive insulation, and “x” denotes discrete-time
convolution. Sound playback is modeled using the discrete-
time secondary path S(z), which reflects the characteristics of
the inward-facing microphone, loudspeaker, and converters.

A. PROBLEM STATEMENT

The algorithm aims to improve the listening impression by
pre-filtering the ambient signal with the feed-forward filter
impulse response w(k) as u(k) = x(k) * w(k). The signal u(k)
is played back over the secondary path, which yields the inner
microphone signal

y(k) = x(k) * [p(k) + s(k) * w(k)] . M
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The sub-expression h(k) = p(k) + s(k) * w(k) in (1) is often
referred to as the impulse response of the aided transfer path
Y (2)
H(z) = —= =P@)+ S@W(2), 2
X(2)
which results from the z-transform of (1) for X (z) # O.

The problem considered in this work is to optimize the
feed-forward filter W (z) so that the aided transfer path H(z)
resembles a target path D(z) as close as possible. This general
formulation facilitates the implementation of several modes
of operation, e.g., D(z) = 0 aims to suppress ambient sounds
as in active noise cancelling (ANC) headphones, whereas a
shifted unit impulse D(z) = z~%0 with a modeling delay of kg
samples acts against the passive insulation of headphones to
provide acoustic transparency of ambient sounds [10], [11].

In theory, any design target D(z) can be attained without
error using the optimal feed-forward filter

©, . _ D@ —P@

W (2) 5o (3)
Unfortunately, (3) is not practically feasible: W(©)(z) is gen-
erally acausal or unstable since S(z) is not always minimum
phase. Moreover, the order of W©)(z) is determined by the
orders of P(z), S(z) and D(z), which might exceed the DSP’s
computational capacity. Instead, the goal pursued in this work
is to provide optimal equalization performance in practical
applications with calibration information and resource con-
straints: for given paths P(z) and S(z), find a stable N-th
order IIR feed-forward filter W (z) which yields an aided path
H (z) that reflects D(z) as closely as possible.

1Il. CONVENTIONAL INDIRECT IIR FILTER DESIGN

The indirect method is widely used to design IIR filters based
on two steps. First, a high-order prototype FIR filter is de-
signed so that the performance requirements are met. Second,
this prototype filter is approximated by an N-th order IIR filter.
In many applications the order will be fixed, e.g., to values in
the order of 5 to 20, depending on the DSP.

A. PROTOTYPE FIR FILTER DESIGN
The optimization of FIR filters for acoustic equalization is
well studied. For a clear presentation, the MMSE filter de-
sign based on a time-domain formulation [11], [26], [46] is
revisited. In this case, w(k) is an FIR filter with L, filter
coefficients that are determined as outlined below.

We introduce the auxiliary convolution sequences

a(k) = x(k) * s(k),
b(k) = x(k)  [pk) — d(k)]

to write the deviation of the target impulse response from the
aided impulse response, weighted by a given ambient signal
x(k), as

(4a)
(4b)

e(k) = x(k) * [p(k) + s(k) x w(k) — d(k)]
=a(k) * w(k) + b(k).

(5a)
(5b)
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If we further approximate the paths p(k) and s(k) as length-
L, FIR filters and the outer signal x(k) as a length-L,
sequence, then the error e(k) only attains non-zero values
forO<k <Ls+Ly—1,where L, =L, =L, + Ly —1de-
notes the length of the convolution sequences a(k) and b(k).
Writing the unknown filter coefficients in vector form
T

w=[wO w) - wly, - D] (©)
allows to quantify the energy of the residual error e(k) through
an MMSE loss using compact matrix notation

1
f(w)=ZlAw +bl13. 7

Here, A € REatLlw—DxLu jg 3 convolution matrix, i.e., a
Toeplitz matrix with constant entries on the diagonal and the
off-diagonals, and b € RE«tLw=1 g the residual vector. They
are defined as

a® 0 ... 0 b(0)
P e

0 L alo) 0

0 ... 0 ale—D] | 0

(®)
The FIR filter coefficient vector that is optimal in the MMSE
sense is uniquely determined by

w™ = argmin f (w) = — (ATA)_IATb. )
w

We refer to [11], [26], [46], [47] for variants of the MMSE
approach with improved robustness against transfer path
variations, frequency-dependent regularization, or acausality
management. These approaches use different MMSE criteria
that imply different A and b matrices, but are not investigated
further here for the sake of brevity.

B. IIR FILTER APPROXIMATION

Step two of the indirect method is to approximate the given
prototype filter W(z) by an N-th order IIR filter W(z) with
N < Ly, — 1. In the following, a tilde is used to denote
quantities that result from this IIR approximation. Prony’s
method [48], iterative least-squares methods [49], [50], [51],
[52], or state space methods such as balanced truncation
(BT) [53], [54], [55], [56] could be used, among others. Au-
toregressive methods such as the Yule-Walker method [57] are
not considered as they do not aim to match the phase response
of W(z).

Of these methods, BT appears to be suitable in the context
of this work: it yields estimates with a low error and guar-
antees filter stability [53]. A BT algorithm that is fine-tuned
for FIR-by-IIR approximation was proposed in [55]. This
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algorithm utilizes the Hankel matrix

w(l) w(2) w(Ly — 1)
w(2)
H(w) = . , (10)
wly —1) 0 .- 0

where H(w) maps a length-L,, vector onto a square matrix
of dimension L,, — 1. Note that H(w) does not contain the
feedthrough coefficient w(0), and that the script letter H is
used to avoid confusion with the aided transfer path H(z).

The singular value decomposition (SVD) H(w) =U >vT
is computed, where U and V are unitary matrices, and X =
diag(ot, ..., 0r,—1) is a diagonal matrix. The singular val-
ues are sorted by magnitude in descending order, i.e., o; >
oit+1 Vi > 1, and are commonly referred to as Hankel singular
values (HSVs). For a given order N, the BT algorithm divides
H(w) into two subspaces

Hw)=UzV' =U,%,V] +U,%,V], (11)
where U 1)31VT is termed “strong subspace” with X; =
diag(oy, ..., on) containing only the N largest HSVs. Es-
sentially, BT discards the “weak subspace” Uzszg by
evaluating linear matrix expressions detailed in [55]. This
yields an N-th order IIR filter W (z) in state space form, which
can be converted to another preferred representation such as a
direct form filter [56].

The intuition behind BT is that the strong subspace re-
veals the filter’s most important components. The subdivision
into strong and weak subspaces is uniquely determined by
the HSVs, and ensures that U | ElVT explains most variance.

IV. PROPOSED APPROXIMATION-AWARE DESIGN

The prototype FIR filter W (z) provides optimal performance,
but this generally does not hold true for the IIR filter W(z)
which results from indirect IIR filter design methods. In-
stead, the IIR approximation error can significantly degrade
the equalization performance in resource-constrained applica-
tions. In this section, we show how indirect approaches can
be augmented to reduce the IIR approximation error. From a
methodological point of view, this corresponds to an extension
of the methods [39], [41] to inverse filtering problems.

A. CONCEPT
Motivated by the limited control over the IIR approximation
error that conventional indirect methods provide, we propose
to combine both steps of the indirect filter design method.
More specifically, we extend the prototype filter design to be
aware of the post hoc IIR filter approximation. The proposal
is based on the relationship between the Hankel matrix H(w)
and the IIR approximation error.

If BT is used for the approximation, there exists an error
bound [56]: at any frequency, the IIR filter W (z) deviates from
the given prototype filter W (z) by no more than twice the sum
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of the discarded HS Vs, i.e.,

Ly—1

W@ = W@loo <2 Y 0;=2Tr(%2).
i=N+1

12)

Equation (12) implies a low IIR approximation error if H(w)
has only few dominant HSVs when using BT. Because (12)
provides a sound theoretical basis, we use BT for the IIR
approximation in the following. Our goal is to extend the
optimization of the prototype FIR filter W (z) to promote spar-
sity in the singular value vector to reduce the contribution of
Tr(27) in (12).
To weigh the equalization performance against the IIR ap-
proximation error, the MMSE loss could be extended as
argmin f (w) + p Tr (X)) (13)
w
with a scalar regularization parameter ; > 0. This problem is
inherently non-convex, except for the trivial case L, — 1 =
N, so it is tedious to solve in general [58]. As an alternative
that is amenable to a personalization at runtime, we explore
related approaches based on convex optimization in the fol-
lowing.

B. HANKEL NUCLEAR NORM REGULARIZATION (HNNR)

In order to promote low IIR approximation errors, we pro-
pose to adopt the well-researched nuclear norm heuristic to
influence the singular value decay of H(w). The nuclear norm
| - ||« of a matrix is defined as the sum over all singular values.
For the Hankel matrix of interest, this corresponds to the sum
of all HSVs:

Ly—1
Z i =Tr(Z)) +Tr(%,).

i=1

IH (W)l = (14)

As a regularizer, it aims to induce sparsity in the vector
of HSVs and behaves similar to the £; norm for vectors [59].
In the present application, we use the nuclear norm to reduce
the IIR approximation error in step two of the indirect method.
A convex relaxation to (13) based on the nuclear norm reads

argmin f (w) + u [H ()]l . 15)

Its main advantage is that it falls into the category of convex
problems, which simplifies the optimization. Problem (15)
can be solved in polynomial time and with guaranteed global
optimality using efficient numerical solvers [39], [60], [61],
[62], [63].

A disadvantage of (15) is that the nuclear norm penalizes
all HSVs although the IIR approximation error (12) only
depends on the smallest HSVs. Problems (13) and (15) thus
yield different results in general [36], [38]. The undesired
penalization of the largest HSV can be mitigated by using a
long prototype filter with L,, > N and a careful selection of
the regularization parameter ji.
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C. BIAS-COMPENSATED HNNR

Although the previously described HNNR algorithm aims
to reduce the IIR approximation error, it does not con-
sider the divergent requirements on the smallest versus the
largest HSVs that the error bound (12) implies. Instead, it pe-
nalizes all HSVs. This causes a bias of the HSV's towards zero
that can lead to a performance degradation. This was observed
for image processing problems, for which bias compensation
methods have been developed [41], [42]. However, the algo-
rithms presented therein are not directly applicable to digital
filter design problems because the involved images assume
that matrix entries can be chosen independently of each other.
In contrast, the inverse filter design problem requires matrices
with Hankel and Toeplitz structure to model convolutions and
the IIR filter approximation in the optimization. We enable the
application of these methods to filter design problems by es-
tablishing an explicit relationship between the filter coefficient
vector and the bias based on (12).

Suppose the matrices Uy and V1 in (11) are known. Using
the SVD’s orthonormality properties U fU 1= V?Vl =1 and
UTU, = V]V, =0, one identifies the strong subspace HSVs
as UTH(w)Vl = X;. This yields the nuclear norm of the
weak subspace

IH @, —Tr (UTH w)Vi) =Tr (),  (16)

which corresponds to the error bound (12) with scaling by a
factor 1/2. The main obstacle to using (16) in the optimization
is that it is non-convex because U | and V| depend on w. As an
alternative, we propose an alternating optimization of convex
problems similar to [41]. This involves repeatedly solving the
bias-compensated problem

argmin f (w) + (@l =1 (T @ vy)) a7

with matrices U | and V |, which remain fixed during optimiza-
tion but are updated between optimizations. These matrices
reflect estimates of the strong subspace basis matrices U and
V| to penalize only the weak subspace according to (13).
An initial estimate of the strong subspace basis matrices is
required. For this, the least-squares solution w™) appears to
be well-suited.

Problem (17) is convex because (15) is convex, and
Tr(ﬁ T”H(w)f/\l) is a linear function of w. The main advantage
of solving (17) as an approximation to (13) is that (17) admits
the use of efficient solvers with convergence and optimality
guarantees whereas (13) does not. The optimization can be
conducted by estimating U, and V, iteratively as described
by Algorithm 1:

This algorithm, termed BC-HNNR, integrates knowledge
about the IIR approximation into the optimization. The key
difference to [41] is that we employ the strong subspace basis
matrices which the BT algorithm relies on. This incorporates
the FIR-by-IIR filter approximation into the prototype filter
optimization. R R

As the iteration converges, the estimates U and V| will
approach U and V', respectively. It is possible that these
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Algorithm 1: Bias-compensated HNNR (BC-HNNR).
1: Input A, b, u, N, K
2: w® «— S
3:fork=0,1,...,K — 1do

construct H(w®) using (10)

estimate U Ek) and f/ﬁ") using (11)

update w**1 by solving (17)

: end for

: Output w®

e A A

U; and V; matrices correspond to the global optimum
of (13), however, this is not guaranteed due to the inherent
non-convexity. Since the algorithm is based on convex sub-
problems, it is nevertheless possible to ensure a high degree
of reliability. This is examined further in Section V.

The computational effort to solve problems (15) and (17) is
roughly O(L? ) operations [61]. This is more costly compared
to solving (9) at about O(sz) operations. Nevertheless, the
algorithm can be implemented in practice while taking into
account the resource constraints of the DSP by outsourcing
the optimization onto a separate device, as shown in Fig. 1.

V. EVALUATION

Both proposed algorithms are subjected to an application-
oriented evaluation based on real-world measurement data.
The personalization of a hear-through filter using in-ear head-
phones is considered. The performance and the robustness
of the proposed HNNR and BC-HNNR algorithms against
transfer path variations are investigated and compared to con-
ventional algorithms with equal implementation complexity
on the DSP. Insights into the effect of the IIR filter order
and the regularization parameter are provided, and the bias
compensation mechanism that BC-HNNR utilizes is exam-
ined. Based on these investigations, suggestions for a practical
parameterization of the algorithms are derived.

A. EXPERIMENTAL SETUP

The study considers IIR filter optimization for acoustic trans-
parency. A sampling rate f; = 24 kHz is used, and IIR filter
orders between N = 1 and N = 16 are considered. The design
target is set to a unit impulse d (k) = 6(k — ko) with modeling
delay ko = 5. This corresponds to a spectrally flat target mag-
nitude response with a delay of about 0.2 ms that acts as an
acausality management [26]. The delay is below the audible
threshold of 5 ms reported in [64].

The goal is to accommodate user-dependent properties such
as ear geometries and headphone fittings to personalize the IIR
filter for specific wearers. Related variations of the acous-
tic transfer paths P(z) and S(z) are unknown a-priori, but
the paths can be estimated at runtime [15], [16], [17], [18],
[19]. To facilitate the reproducibility of the results, we use
impulse responses p(k) and s(k) for different wearers and for
two headphone designs from open-access databases [65], [66]
which are briefly described below.
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The PANDAR database [65] contains impulse responses
for 23 wearers of Bose QuietComfort 20 in-ear headphones.
They feature dynamic drivers and a closed housing as used in
hearables and OTC hearing aids, and were modified to exclude
the vendor’s ANC electronics. The paths P(z) and S(z) are
defined towards the device’s inward-facing microphone.

In contrast, the hearpiece database [66] considers head-
phones with balanced armature receivers. These headphones
are similar to traditional hearing aids and feature multiple
microphones and loudspeakers. For comparability with the
dynamic driver headphones, a single-channel hear-through
implementation is considered. Here, P(z) is defined as relative
transfer function path from the outer vent to the eardrum
microphone, and S(z) is derived from the inner driver and the
eardrum microphone responses for 24 wearers.

A limitation is that the optimization depends on x(k), which
is unknown a-priori. The communication between DSP and
a separate calibrating device implies that knowledge on the
statistics of x(k) could be collected at runtime. We note that
this offers further potential for improvement, but consider this
aspect out of scope. As suggested in [46], we set x(k) = §(k).
This corresponds to a spectrally flat excitation, which can
improve the robustness of the solution.

B. FILTER OPTIMIZATION

The proposed HNNR filter optimization was configured to
use a prototype filter length L,, = 512 and the subsequent IIR
filter approximation used the BT algorithm. To ensure an opti-
mal configuration, the regularization parameter & was chosen
by solving (15) using the alternating directions method of
multipliers (ADMM) with 32 candidate parameters 1, sam-
pled from a logarithmic grid with 107° < Um < 10" and 1 <
m < 32. This was performed individually for each wearer, and
the IIR filter with minimal loss function value was selected for
further considerations. This required to evaluate the impulse
response of W (z), which is denoted as %. The proposed BC-
HNNR variant used a different u parameter obtained from
solving (17) iteratively using Algorithm 1 with L,, = 512 and
K = 10 iterations for the same candidate parameters (,,. In
our experiments, the optimization converged reliably in all
cases, i.e., with both proposed algorithms, both devices, and
all wearers.

We consider several established methods to compare the
hear-through performance. The classical indirect filter design
is a natural reference approach. It was implemented using
the MMSE filter w®) with L,, = 512. The approximation
by an N-th order IIR filter was configured to use BT, which
guarantees stability [55]. A more recently proposed indirect
approach for use with headphones [33] is further considered.
It utilizes an iterative least-squares IIR filter approximation
proposed by Brandenstein and Unbehauen [51], [52] with a
line-search mechanism. We set its iteration number to 10, and
refer to the approach as “BU” in the following.

Direct IIR filter design methods are included in the evalu-
ation as well. A simple approach which yields stable N-order
filters is to design a short FIR filter with L,, = N + 1. Further,
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FIGURE 2. Magnitude response of aided transfer path for one person
wearing dynamic driver headphones. Dashed lines indicate conventional
low-order filter design algorithms.

the least-squares fit to the optimal filter given by (3) using
the damped Gauss-Newton algorithm [50] as implemented
by the MATLAB function invfreqz is considered. It was
configured to use a maximum of 10 iterations, which guar-
antees filter stability. For this method, equal numerator and
denominator filter orders were chosen, and a 2'8-point Fourier
transform was used. Lastly, the fixed-pole (FP) method [67],
[68] is considered. This approach estimates fixed poles using
the target filter and optimizes the zeros in a separate step.
This method uses the Steiglitz-McBride iteration [49] as de-
scribed in [67]. We initially used 10 iterations to determine the
poles, but reduced the iteration number to 5 after encountering
numerical problems. This resolved those issues and slightly
improved the performance. Other direct methods such as [28],
[29], [30] are not considered because they require manual
tuning, e.g., because the stability is either not guaranteed or
depends on the numerical solver used.

C. DYNAMIC DRIVER HEADPHONES HEAR-THROUGH

This section investigates the design and performance of a
hear-through filter for the Bose QC20 in-ear headphones.
Fig. 2 shows the magnitude of the aided transfer paths which
are obtained from using the conventional and proposed algo-
rithms for one specific wearer from the PANDAR database.
The case “HT Off”, which corresponds to inserted head-
phones with an inactive hear-through, is shown for reference.
It highlights the effect of passive insulation, which mostly
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affects frequencies above 230 Hz. For better clarity, Fig. 2(b)
shows the same results as Fig. 2(a), but with a scaled y-axis.

All hear-through systems aimed for a flat 0 dB response.
The FIR filter achieved this with deviations of less than 1 dB
at most frequencies, but using a much higher filter order. In
contrast, the IIR filters use N = 12, which is amenable to
an implementation on resource-constrained DSPs. Although
all TIR filters counteracted the passive attenuation to a large
extent, abrupt transitions which are inherent to the dataset [65]
remained. The indirect method corresponds to using w®S)
with subsequent IIR filter approximation. This caused un-
wanted peaks in the aided transfer path that degrade the
performance, e.g., between 100 Hz and 300 Hz or at 4 kHz.
These peaks were less pronounced with the other methods,
but they produced undershoots at other frequencies. The pro-
posed HNNR and BC-HNNR methods resulted in a smaller
overall deviation from 0 dB than the other methods.

The loss function values f(w) which measure the mean-
squared error for a given IIR filter are furthermore considered.
Their values are proportional to the areas above and below
the 0dB line in Fig. 2, and they confirm the aforementioned
observations: while the conventional indirect method achieves
f(w) = 0.334 and the short FIR, invfreqz, BU and FP meth-
ods achieve 0.082, 0.025, 0.024, and 0.028, respectively, the
proposed HNNR and BC-HNNR achieve 0.025 and 0.013,
respectively. At equal system order, BC-HNNR yields roughly
half of the time-domain impulse response error (i.e., a 6 dB re-
duction) compared with the best of the conventional methods.

Although invfreqz and HNNR yield roughly the same loss
in this example, Fig. 2 shows that HNNR and BC-HNNR
both result in a more even distribution of the error over fre-
quency. Wearers are likely to perceive the two hear-through
systems differently because notches and, especially, peaks
of |H (/)| have a major impact on the subjective listening
impression [69]. The HNNR and BC-HNNR yield less pro-
nounced peaks and notches compared to the indirect approach
due to the IIR approximation error bound (12), which states
that a reduction of Tr(X;) reduces the worst-case IIR approx-
imation error over frequency.

One interesting observation is the difference in regular-
ization parameters between HNNR and BC-HNNR. In this
example, u = 1.8 - 10* lead to optimal results for HNNR,
whereas a larger parameter 4 = 1.2- 1072 was favorable
for BC-HNNR. This suggests that the bias compensation pe-
nalizes the IIR approximation error in a more targeted manner,
which allows choosing greater u values.

Fig. 3 details the loss function values f(w) that the person-
alized filters achieve for all 23 wearers. The figure provides
insight into the robustness against transfer path variations. The
comparison is conducted with an equal filter order N = 12.
Algorithms can be regarded as robust against these variations
if both, the loss function value is low on average, and a low
deviation between wearers is attained.

Although none of the algorithms reduced the loss below
10~ for two of the wearers, they behave differently for the
others. The median performance of the invfreqz method is in
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FIGURE 4. Median of loss function values with 23 wearers using dynamic
driver headphones.

between the proposed HNNR and BC-HNNR methods, but
it is less reliable because the loss is comparatively high for
a few wearers. In contrast, the other conventional methods
reduce these deviations slightly. The HNNR algorithm yields
a similar robustness against transfer path variations, which
the BC-HNNR improves upon by further reducing the best-
case and worst-case loss.

The experiment is repeated for different IIR filter orders
1 <N < 16 in order to investigate the impact of N on the
performance. Fig. 4 shows the median of the performances
that the personalized filters achieved for all 23 wearers. The
general trend is that the performance benefits from high filter
orders, but the benefit manifests itself differently for the al-
gorithms. At low orders, the indirect and invfreqz methods
both yield large loss function values. However, the loss of
the conventional indirect method stagnates for higher orders,
whereas the loss of invfreqz improves by more than one or-
der of magnitude. The performance of the BU approach was
generally similar to FP, but tended to benefit more from using
higher filter orders N.

In this experiment, the proposed BC-HNNR gave the lowest
median loss for all considered orders except N = 5, where
the short FIR filter was most promising, and 6 < N < 8§,
where HNNR performed better. A possible explanation is the
initial estimate of the strong subspace based on w™S), which
can be unreliable at low filter orders. This is also reflected
by the loss of the conventional indirect method, which turned
out to be non-decreasing for 4 < N < 7. The benefit of the
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FIGURE 5. Magnitude response of aided transfer path for one person
wearing balanced armature headphones.

proposed approaches decreases as N increases as restrictions
due to small system orders become less significant.

D. BALANCED ARMATURE HEADPHONES HEAR-THROUGH
The analysis was repeated for the hearpiece database [66]
which considers the transfer paths of 24 wearers of head-
phones that use balanced armature receivers. Fig. 5 shows the
magnitude response of the aided transfer paths that result from
the personalized hear-through filters. As before, the FIR filter
uses L,, = 512 while the short FIR filter and all IIR filters
use N = 12. The figure indicates the effect of the passive
insulation for reference. With these headphones, the passive
insulation mostly affects frequencies above 600 Hz.

The difference in results between the conventional al-
gorithms is smaller compared to the dynamic driver head-
phones. Here, the indirect and invfreqz approaches yield the
largest deviations from 0 dB, whereas the FP approach imple-
ments the target response more closely. The proposed HNNR
and BC-HNNR algorithms reduce this deviation further. The
corresponding loss function values are 0.115 for the conven-
tional indirect method, 0.062, 0.055, 0.054, and 0.054 for
the short FIR, invfreqz, BU, and FP methods, respectively,
0.027 for HNNR using & = 6.9 - 1073 and 0.024 for BC-
HNNR using u = 2.6 - 10~!. Here, the bias compensation
allowed to increase p as well, but with a smaller performance
improvement.

Fig. 5(b) further illustrates the peaks of |H (%), which
assume maximum values of 6 dB at 6 kHz for the indirect ap-
proach, 3.55 dB at 1.55 kHz for the short FIR filter, 3.55 dB at
6.1 kHz for FP and BU, 2.84 dB at 6.1 kHz for HNNR, 2.23 dB
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at 1.54kHz for invfreqz, and 2.17dB at 7.3kHz for BC-
HNNR. The notch between 3kHz and 6 kHz which invfreqz
yields contributes to the comparatively high loss function
value, but it should be noted that notches are generally less
important than peaks with equivalent gain from a perceptual
standpoint [69].

Fig. 6 shows the loss function values that the personal-
ized 12-th order IIR filters achieve for the 24 wearers. It
indicates that the short FIR filter performs well compared
to other IIR-based approaches: the average and worst-case
performance is superior to the indirect and invfreqz methods.
This is in line with [10], which suggests to use short FIR filters
in a similar application. Out of the conventional approaches,
the FP method generally yields the lowest loss function val-
ues. The proposed HNNR and BC-HNNR algorithms yield an
improvement by providing lower average-case and worst-case
loss function values and a lower variation between wear-
ers. Further, note that many DSPs feature programmable IIR
filters. In these cases, the computational complexity of the
short FIR filter is identical to the IIR filter, regardless of the
fact that its IIR part may remain unused.

Fig. 7 shows the median of the loss function values across
the 24 person-dependent filters for different IIR filter orders.
In this experiment, invfreqz was the least reliable approach
since its performance improved only slightly at higher orders.
The best results with conventional methods were achieved
by the BU approach at most filter orders. We observe that
the bias compensation slightly improved upon these results,
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the figure correspond to filters designed without and with bias compensation, respectively.

but the improvement turned out to be less significant for
filter orders N > 8. IIR filters based on the proposed BC-
HNNR with N =6 perform roughly as well in terms of
the MMSE loss function as those designed using the BU
approach with N = 10, which corresponds to a reduction of
the computational load by about 40 %. In contrast, a small but
consistent improvement is obtained for equal filter orders.

E. EFFECT ON PROTOTYPE FIR FILTER

In this section, the effect of the proposed Hankel nuclear norm
regularization on the prototype FIR filter is investigated. For
brevity, one subject wearing dynamic driver headphones is
considered. Fig. 8 shows the Hankel singular values and the
magnitude and phase responses of the FIR filters that were
designed for the same wearer that Fig. 2 corresponds to. The
subfigures in the top and bottom rows correspond to filters
which were obtained using the proposed HNNR and BC-
HNNR algorithms, respectively. For clarity, only those filters
which correspond to the 20 smallest values p,, from the grid
are shown. The BC-HNNR algorithm was configured to use
an IIR filter order N = 12 for comparability with previous
sections.

Fig. 8(a) shows that the penalty on || H(w)|, reduced the
magnitudes of all HSVs. Figs. 8(b) and 8(c) reveal that this
caused a smoothing of the filter’s magnitude and phase re-
sponses. Mostly, transfer function peaks and notches that
cannot be implemented by low-order IIR filters were removed.
Fig. 8(d) shows that the regularization also results in smaller
peaks and notches in the group delay 7 (¢/*). This is because
the smoothing increases the phase response similarity of adja-
cent frequencies.

Although they belong to FIR filters, the transfer functions
resembled those of an IIR filter more as u increases. Large u,
however, changed the transfer function shape, which is mostly
visible at the peaks of |W (¢l?)| between 400 Hz and 1.2 kHz,
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and above 10 kHz. Note that these cases would yield large loss
function values, which is why smaller u values were used in
the performance comparison.

Clearly, solving (15) introduced a bias of the first 12 HSVs
towards zero, which is visible in the top figure. This is not
intended because these HSVs do not contribute to the error
bound (12). The figure reveals that the bias compensation
greatly mitigated this effect. Compared to Fig. 8(a), Fig. 8(e)
shows that the first N = 12 HSVs remained almost unaffected
with BC-HNNR. This largely prevented the transfer function
shape from changing as a result of the regularization, but
reduced the IIR approximation error as intended. As a result,
the bias-compensated Hankel nuclear norm regularization af-
fected the transfer function shape less, which allowed using
higher regularization parameters /.

F. OPTIMAL REGULARIZATION PARAMETER
The previous sections determined the regularization parameter
W using a brute-force search, which required 32 executions of
Algorithm 1 for each wearer. However, it would be beneficial
to require fewer optimizations, especially for personalized
filter designs. This section investigates the effect of the reg-
ularization parameter u on the hear-through performance.
For the following analysis, let W,, denote the impulse re-
sponse of the filter that results from the proposed BC-HNNR
algorithm with regularization parameter u,, and subsequent
approximation by a 12-th order IIR filter using BT. To
quantify the effect of a suboptimally chosen regularization
parameter, the loss function values of all 32 vectors w,, are
compared to the w,, with index m that yields the lowest loss
function value. This can be quantified using the relative loss
deviation

(18)
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Fig. 9(a) depicts frel.(1um) for 32 discrete values ., and all
23 wearers, as well as the median across wearers for each ;.
For clarity, the figure excludes values above 35%. It indicates
a dependence of the optimal p on the wearer. For all wearers,
the optimal parameter p which yielded fiel. (it;;) = 0 was in
the range 1073 < p < 1.

The observed similarity in parameter choices across wear-
ers and the amount of overlap in fi1 (i4,,) motivates us to
define an order- and headphone-specific optimal regulariza-
tion parameter 1©). For optimal median performance using
a single, a-priori selected regularization parameter, one can
fix u to (), which we define as the regularization parameter
that minimizes the median loss across 23 wearers. This lead
to u® =3.28- 1072 in the present case. If y is fixed in this
way, the number of executions of Algorithm 1 reduces from
32 to just one.

Although fixing 1 = (© yielded optimal performance for
some wearers, it lead to inferior performance for others com-
pared to the brute-force search because the optimal parameter
w is generally wearer-dependent. Fig. 9(b) indicates the effect
of fixing = pu©® =3.28-1072 on the loss for all wear-
ers. The marks on the left are the same as those in Fig. 3,
whereas marks on the right correspond to the single-shot
optimization using (). Identical wearers are indicated by
lines between marks for clarity. The figure shows that both
algorithms yielded virtually the same loss for 21 of the 23
wearers, with a minor performance degradation for the other
2 wearers.

In summary, the analysis suggests that the value range of
W can be narrowed significantly with negligible performance
degradation. In applications where minor performance set-
backs are acceptable, © can be set to a fixed value based on
a-priori knowledge. The performance appears to be insensitive
towards the parameter choice if © remains within the afore-
mentioned value range.

G. NUMBER OF BIAS COMPENSATION ITERATIONS

To provide users with immediate feedback of the equalization
performance, a quick termination of the algorithm within a
fixed and low number of iterations is crucial. This section
examines the number of bias compensation iterations K that is
required in practice. The calibration of a 12-th-order IIR filter
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to the 23 wearers of dynamic driver headphones is considered
as one example. The regularization parameter u was chosen
optimally as previously described.

To quantify the improvement of the iterative BC-HNNR
algorithm, the loss f (w®) at successive iterations is related to
the loss obtained from using the initial iterate f(w"). Fig. 10
depicts the resulting relative loss associated with the filter
optimization for 23 individual wearers, as well as the median
progression. These percentages indicate the loss reduction
compared to the initial estimate.

Generally, the obtained improvement depended on the
wearer. It amounted to a minimum of 5% and a maximum
of around 40%. The median progression reveals that most
of the improvement was obtained from the first iterations.
Further improvements were achieved up to the 6-th iteration,
but diminished rapidly thereafter. This trend was reflected in
the majority of the wearers, which suggests that few iterations
are sufficient to improve the initial estimate of the strong
subspace to sufficient accuracy. With 5 of the 23 wearers,
the improvement became negligible after only 2 iterations.
It is also evident that more iterations do not always improve
performance, as is the case for the one wearer which increased
the loss in the first three iterations. Nevertheless, the bias
compensation yielded an improvement after the third iteration
in all cases.

The analysis suggests two ways to reduce number of
iterations K which ease the computational load of the pro-
posed BC-HNNR algorithm. In the considered setting, K < 10
was sufficient to guarantee algorithm convergence for all
wearers. As a further improvement, an adaptive stopping crite-
rion which terminates the algorithm once successive iterations
no longer improve the performance could be adopted.

VI. CONCLUSION

We propose an indirect IIR filter design algorithm for the per-
sonalization of the listening impression when wearing head-
phones, hearables, or hearing aids. Using the nuclear norm
heuristic, the algorithm mitigates the performance degradation
of indirect algorithms that the post-hoc IIR approximation of
the prototype FIR filter causes. The bias which the nuclear
norm heuristic introduces is investigated, and a compensation
mechanism is adopted. The resulting approximation-aware
time-domain filter synthesis retains the advantages of con-
ventional indirect algorithms such as guaranteed convergence
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and stability, but uses a targeted penalization of the IIR ap-
proximation error using a compensation mechanism in the
prototype filter design stage to obtain reliable results.

We evaluated the performance of the proposed algorithm
empirically, using the personalization of a hear-through filter
as one example. Therefore, real-world measurement data ob-
tained from multiple wearers and two headphones was used.
The effect of the regularizer on the designed filter is illus-
trated, and it is shown how algorithm parameters such as the
weight of the regularization and the number of bias com-
pensation iterations can be favorably selected. The proposed
algorithm shows high robustness against transfer path vari-
ations and consistently higher performance than conventional
indirect and direct algorithms at equal system orders. The high
robustness and interpretability of the results suggest that the
presented algorithm is well-suited for the personalization of
hearing devices in practical applications.
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